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Abstract

In this paper, spectral finite element method is employed to analyse the wave propagation behavior in a functionally

graded (FG) beam subjected to high frequency impulse loading, which can be either thermal or mechanical. A new

spectrally formulated element that has three degrees of freedom per node (based upon the first order shear deformation

theory) is developed, which has an exact dynamic stiffness matrix, obtained by exactly solving the homogeneous part of

the governing equations in the frequency domain. The element takes into account the variation of thermal and me-

chanical properties along its depth, which can be modeled either by explicit distribution law like the power law and the

exponential law or by rule of mixture as used in composite. Ability of the element in capturing the essential wave

propagation behavior other than predicting the propagating shear mode (which appears only at high frequency and is

present only in higher order beam theories), is demonstrated. Propagation of stress wave and smoothing of depthwise

stress distribution with time is presented. Dependence of cut-off frequency and maximum stress gradient on material

properties and FG material (FGM) content is studied. The results are compared with the 2D plane stress FE and 1D

Beam FE formulation. The versatility of the method is further demonstrated through the response of FG beam due to

short duration highly transient temperature loading.

� 2003 Elsevier Science Ltd. All rights reserved.
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1. Introduction

An ideal material combines the best properties of metals and ceramics––the toughness, electrical con-

ductivity, and machinability of metals, and the low density, high strength, high stiffness, and temperature

resistance of ceramics. In recent years, these type of advanced materials are no longer dreams but properly

conceived and developed. These materials are known as metal matrix composites (MMCs) or ceramic
matrix composites (CMCs) and they have incredible promise in many engineering applications. Demand
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for such materials comes from the automotive industry (lightweight and strong materials would increase

fuel efficiency and last longer), electronics, telecommunications, and the aerospace and defense industries.

The gradation in properties of the material reduces the thermal stresses, the residual stresses, and the stress

concentration factors. If two dissimilar materials are bonded together, there is a very high chance that
debonding will occur at some extreme loading conditions, be it static, dynamic, or thermal load. Cracks are

likely to initiate at interfaces and grow into the weaker material section. Another problem associated with

such structures is the presence of residual stresses due to the difference in coefficients of thermal expansion

between the materials of adjacent layers. By gradually varying the volume fraction of the constituents

rather than abruptly changing them over an interface can resolve these problems. The gradual variation

results in a very efficient material tailored to suit the needs.

Advanced materials can be ‘‘functionally graded’’ to provide the ideal combination of characteristics

desired. FGMs are materials in which the material properties vary with location in such a way as to op-
timize some function of the overall FGM. The matrix alloy (the metal), the reinforcement material (the

ceramic), the volume, shape, and location of the reinforcement, and the fabrication method can all be

tailored to achieve particular desired properties. In MMCs, for example, ceramic reinforcements in the

form of either fibers, whiskers, or particulates are introduced into the metal; the structure is controlled at

scales varying from 100 nm to several millimeters.

FGM has gained widespread applicability as thermal-barrier structures, wear and corrosion resistant

coatings, and they are also used for joining dissimilar materials (Suresh and Mortensen, 1998). FGMs

consisting of metallic and ceramic components are well known to improve the properties of thermal-barrier
systems, caused because of cracking or delamination. These are often observed in the conventional two-

layer systems, which are avoided by the smooth transition between the properties of the components in

FGMs. In defense applications, for example, faster transportation of armor is necessary. The fundamental

problem that limits its applicability is the weight of the armor. That is, the weight of materials inhibit fast

movement and incur heavy consumption of fuel. MMCs have received considerable attention to alleviate

this problem due to their lightness and ability to work harden under dynamic loading. However, damage to

the armor from shockwaves can limit the work hardening. An FGM can be used here to tailor the micro-

structure of the MMC. A typical modern composite armor consists a hard outer surface, typically an Al2O3

tile, backed by a ductile material such as aluminium. These type of combinations, in impact environment,

are often subjected to tensile wave, generated because of the reflection at the interface between the hard and

ductile material due to acoustic impedance mismatch. This is of great concern because ceramic materials

typically have low tensile strengths. FGM can be used here to diffuse the reflection by smoothly varying the

properties from ceramic to metal.

In another application of FGM, thin walled members like plates and shells, which are used in reactor

vessels, turbines and other machine parts, are susceptible to failure from buckling, large amplitude de-

flections, or excessive stresses induced by thermal or combined thermo-mechanical loading. Functionally
gradient coatings on these structural elements may help reduce the failures.

Analysis of FGM involves consideration of temperature change, which imparts thermal loading of

significant amount due to mismatch in thermal coefficients between metallic and ceramic materials. Reddy

and Chin (1998) have already dealt with this problems for static and transient loading. El-Abbasi and

Meguid (2000) analysed the thermoelastic behavior of functionally graded plates and shells. In this work,

explicit coupling of thermal and mechanical field is not considered. Only the external thermal effect in the

form of strain is considered. Power law and exponential variation of the material properties through the

depth of the beam are considered in this study.
One of the fundamental characteristics of the wave propagation problem is that the incident pulse

duration is very small (of the order of micro seconds) and hence the frequency content of pulse is very high

(of the order of kHz). When such a pulse is applied to the structure, it will force all the higher order modes

to participate in the response. At higher frequencies, the wave lengths are small. Hence, in order to capture
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all the higher order modes, the conventional finite element method requires very fine mesh to match the

wavelengths. This makes the system size enormously large.

The spectral element approach (SEA) could be the nice alternative for such problems (Doyle, 1999). In

SEA, first the governing equation is transformed in frequency domain using discrete Fourier transform
(DFT). In doing so, for 1D waveguides, the governing partial differential equation (PDE) is reduced to a set

of ordinary differential equation�s (ODE) with constant coefficients, with frequency as a parameter. The

resulting ODEs are much easier to solve than the original PDE. The SEA begins with the use of exact

solution to governing ODEs in the frequency domain as interpolating function. The use of exact solution

results in exact mass distribution and hence the resulting dynamic stiffness matrix is exact. Hence, in the

absence of any discontinuity, one single element is sufficient to handle a beam of any length. This sub-

stantially reduces the system size and they are many order smaller than the sizes involved in the conven-

tional FEM. First, the exact dynamic stiffness is used to determine the system transfer function (frequency
response function). This is then convolved with load. Next, inverse fast Fourier transform (IFFT) is used to

get the time history of the response. Spectral element for elementary rod (Doyle, 1988), elementary beam

(Doyle and Farris, 1990a,b), Timoshenko beam (Gopalakrishnan et al., 1992), for higher order Mindlin

Hermann rod (Martin et al., 1994), for elementary composite beam (Roy Mahapatra et al., 2000) and for

2D membrane element (Rizzi and Doyle, 1991) are reported in literature. Till date, to the best of authors�
knowledge no spectral finite element formulation is available in the literature for FGM beams.

In addition to the smaller system sizes, there are many advantages that are inherent to the SEA. These

are summarized below: (1) Treatment of non-reflecting boundary conditions are simple and straight-for-
ward. This is done by leaving out the terms associated with the reflected coefficients from the interpolating

displacement functions. Such an element is called the ‘‘Throw-off’’ element and it amounts to adding

maximum damping to the structure. (2) Since the system transfer function is direct by product of the

approach, performing inverse problems, such as, system identification and force identification, is straight

forward. (3) The method is easily amenable for control related problem. A novel active spectral element

(Roy Mahapatra et al., 2001) was formulated for this purpose. This has great utility in smart structure

research for noise and vibration suppression.

Wave propagation analysis of FGM beam poses tremendous challenge due to the presence of material
anisotropy. Because of this, an additional shear wave gets created beyond a certain high frequency, called

the cut-off frequency. Due to this, there will be a three way (axial shear bending) coupling of modes.

Tracking these individual waves is a very difficult task specially for a dispersive system such as a FGM

beam. In this work, we have devised an efficient methodology to capture such coupled waves.

The literature on the response of such advanced materials to dynamic and impact loadings (severe

mechanical environments) are limited in numbers. No results existed for the case of through-thickness

material property varying plates using shear deformation plate theories with the von K�aarm�aan non-linearity

until the works of Reddy and Chin (1998), Praveen and Reddy (1998) and Reddy (2000) appeared. Non-
linear transient thermoelastic analysis of FGM was carried out in Reddy and Chin (1998) by plate finite

element for moderately large rotations (i.e., the von-K�aarm�aan non-linear theory of plates). Gong et al.

(1999) studied the elastic response of FGM shell subjected to low velocity impact. The existing literature on

the responses of FGM to high frequency impact loading are very limited in numbers. Among them, there

are only methods proposed to analyse wave propagation problems in FGM plates. Liu et al. (1991a,b) and

Liu and Tani (1992, 1994), used strip element method for FGM plates. An analytical method was proposed

by Ohyoshi et al. (1996), where the wave reflection and the transmission coefficients were obtained for

FGM plate. Thermomechanical behavior of FGM plates and shells was investigated by Reddy and Chin
(1998). Non-linear transient thermoelastic analysis of FGM was carried out by Praveen and Reddy (1998)

using plate finite element for moderately large rotation in von-K�aarm�aan sense. Liu et al. (1999) proposed

a method for analysing stress waves in FGM plates, where it is shown that the variation of material

properties can be approximated by a piecewise linear function. Recently, Han et al. (2002a) presented an
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analytical–numerical method for analysing characteristics of waves in a cylinder composed of FGM. They

have also proposed a numerical method for analysing transient waves in plates of FGM excited by impact

loads (Han et al., 2002b). Here, the displacement response is determined by employing Fourier transfor-

mation and the modal analysis.
Till date, the only work involving wave propagation in FGM beam is that of Chakraborty et al. (2002),

where an exact finite element is developed which takes thermal strain and depthwise property variation into

consideration.

The organization of the paper is as follows. In the next two sections, the details of the formulation of the

spectral element is given. Next, the numerical studies are performed. First, the predicting capability of

the element is tested by observing the normal wave propagation behavior and the result is compared with

the 2D finite element (FE) solution. Second, the stress wave propagation through FG beam and the

variation of stress with depth and the smoothening effect of FGM is inspected closely. Effect of thermal
loading is investigated next. Here, a thermal burst kind of loading is applied to the beam structure and its

response is observed. Lastly, the presence of bending-axial-shear coupling in FG beam is demonstrated.

Based on the results, a number of important conclusions are drawn.

2. Mathematical model

Considering the first order shear deformation theory, the axial and transverse displacement field can be

expressed as

Uðx; y; z; tÞ ¼ u�ðx; tÞ � z/ðx; tÞ; W ðx; y; z; tÞ ¼ w�ðx; tÞ; ð1Þ
where u� and w� are the mid-plane axial and transverse displacements in the reference plane respectively and

/ is rotation about Y axis (see Fig. 2(a)) and z is measured from the reference plane. Using Eq. (1) and

adding the strain due to temperature, the normal and shear strains can be written as

�xx ¼ u�;x � z/;x � aðzÞDT ðxÞ; cxz ¼ �/ þ w�
;x: ð2Þ

Here ð:Þ;x represents differentiation with respect to x. aðzÞ is the coefficient of thermal expansion of the FGM

material, which varies along depth and DT is the temperature change to which the beam is subjected and in

general can vary along the length. The constitutive relation for FGM is given by

rxx ¼ EðzÞexx; sxz ¼ GðzÞcxz; ð3Þ
where rxx and exx, are normal stresses and normal strains in the x direction and sxz and cxz are shear stress

and shear strain in the x–z plane. EðzÞ and GðzÞ are Young�s modulus and Shear modulus, which vary with
depth z.

It can be assumed that material properties are varying according to some well-defined rule like the

exponential law and the power law. The exponential law is given by,

PðzÞ ¼ Pt expð�dð1� 2z=hÞÞ; d ¼ 1

2
log

Pt

Pb

� �
ð4Þ

and the power law (for Voight type estimate (Markworth et al., 1995)) is given by

PðzÞ ¼ ðPt �PbÞ
z
h

�
þ 1

2

�n

þPb; ð5Þ

where PðzÞ denotes a typical material property ðE;G; a; .Þ. Pt and Pb denote property values of the
variables at topmost and bottommost layer of the beam, respectively and n is an exponent whose value

ranges from 1 to 5. h is the thickness of FGM layer whose mid-plane has coordinate z ¼ 0.
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Another way of estimating material properties is the rule of mixture which is generally employed in

composite materials. Summary of this method can be found in Tsai and Hahn (1980) and Jones (1975). The

concept of equivalent homogeneity yields composite sphere model, three phase model, composite cylinder

model and self consistent scheme (Christensen, 1979). Composite sphere and cylinder models can be further
improved by the step-by-step (SBS) method as given in Liu (1998). The method given for particle reinforced

composite material is best suited for use in present context. The details are omitted here. In short, FGM can

be treated as a matrix-particle mixture of different particle volume fraction which is smoothly varied along

the beam depth. The two different materials at the top and bottom of the beam play the role of the matrix

and the particle.

These different models for material property variation is compared in Fig. 1, where the variation of

Young�s modulus along depth is plotted. Top and bottom materials (particle and matrix, respectively for

SBS method) are taken as steel and ceramic with Young�s modulus ratio 1.857. The figure clearly shows
different trends of distribution for different models. In the SBS method �constant area composition� is used
and particle volume fraction Vp1, is taken as 0.001. Since, the SBS method predicts only the elastic and

thermal properties, in subsequent calculations where SBS method is used, the inertial properties are

evaluated by the power law model with suitable value of the exponent n.
Applying Hamilton�s principle, the following differential equations of motions are obtained in terms of

the three degrees of freedom (u�, w� and /):

du : I�€uu� � I1 €// � A11u�;xx þ B11/;xx þ AT11DT;x ¼ 0; ð6Þ
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Fig. 1. Variation of Young�s modulus for different model.
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dw� : I�€ww� � A55ðw�
;xx � /xÞ ¼ 0; ð7Þ

d/ : I2 €// � I1€uu� þ B11u�;xx � D11/;xx � A55ðw�
;x � /Þ � BT11DT;x ¼ 0 ð8Þ

and associated force boundary equations can be expressed as

A11u�;x � B11/;x � AT11DT ðxÞ ¼ Nx; ð9Þ

A55ðw�
;x � /Þ ¼ Vx; �B11u�;x þ D11/;x þ BT11DT ðxÞ ¼ Mx; ð10Þ

where Nx, Vx and Mx denote axial force, shear force and bending moment at any boundary point x ¼ 0 or

x ¼ L. The stiffness coefficients and the mass moments are obtained as

½A11 B11 D11� ¼
Z
A
EðzÞ½1 z z2�dA; A55 ¼

Z
A
GðzÞdA; ð11Þ

½AT11 BT11� ¼
Z
A
EðzÞaðzÞ½1 z�dA; ½I0 I1 I2� ¼

Z
A

.ðzÞ½1 z z2�dA: ð12Þ

The governing differential equations (6)–(8) represent a system of coupled linear hyperbolic non-
homogeneous PDE, which is difficult to solve exactly in the time domain for all boundary conditions. The

spectral method begins by transforming the field variables (here displacements) to the frequency domain

using discrete Fourier transform (DFT) and substituting them in the homogeneous form of the governing

PDE. The discretized spectral form of the displacement field is expressed as

uðx; tÞ ¼
XN
n

ûuðx;xnÞeixnt ¼
XN
n

Xnj
j

ð~uuj e�ikjxÞ
 !

eixnt; ð13Þ

where i ¼
ffiffiffiffiffiffiffi
�1

p
, xn is the frequency at nth sampling point and kj is the wave number associated with the jth

mode of propagation (forward or backward) at xn. N is the Nyquist frequency in FFT used for computer

implementation. ûu ¼ fûu ŵw /̂/gT denotes the spectral amplitude vector corresponding to the generic dis-

placement vector as a function of ðx;xnÞ. ~uuj ¼ f�uuj �wwj
�//jg

T
represents the wave coefficient vector associated

with jth mode of propagation at frequency xn. nj is the number of propagating modes (6 for this model, 3

forward and 3 backward moving waves). Substituting the field variables in homogeneous form of Eq. (6)–

(8), in terms of wave coefficients in Eq. (13), we get the characteristic equation as

ðk2j � k2aÞ 0 s1s2k2a=kr � rkak2j =k
2
r

� 	
0 ðk2j � k2r Þ �ikj

rk2r k
2
j =kak

2
b � s1s2kr

� 	
�ikj s21 � 1� k2r k

2
j =k

4
b

� 	
2664

3775 �uuj
�vvj
�wwj

8<:
9=; ¼ 0; ð14Þ

where ka, kb and kr are the wave numbers of uncoupled axial, flexural and shear wave modes respectively.

They are defined as the ratio of frequency and corresponding phase speeds and can be expressed as

ka ¼ xn=ca; kb ¼ xn=cb; kr ¼ xn=cr; ð15Þ

ca ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
A11=I�

p
; cb ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D11x2

n=I�
4

q
; cr ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
A55=I�

p
: ð16Þ

In Eq. (14), r and s2 are the non-dimensional axial-flexural coupling parameters due to stiffness and
material asymmetry respectively. s1 is non-dimensional flexural-shear coupling parameter. They are given

by
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r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2
11=ðA11D11Þ

q
; s1 ¼ xn

ffiffiffiffiffiffiffiffiffiffiffiffiffi
I2=A55

p
; s2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I21=ðI�I2Þ

q
: ð17Þ

Clearly for non-trivial value of r, there should be axial-flexural coupling and the presence of asymmetric

mass distribution across the beam thickness will give non-trivial s2. If A55 becomes infinite, s1 will be zero,
which is the case of degeneracy from thick beam to thin beam. For non-trivial solution of the displacement

field, Eq. (14) yields a sixth order characteristic polynomial in kj, given by

ak6j þ bk4j þ ck2j þ d ¼ 0; ð18Þ

where

a ¼ 1� r2; b ¼ 2rs1s2kak2b=kr � ð1� r2Þk2r � s21k
4
b=k

2
r � k2a ; ð19Þ

c ¼ k2ak
2
r � 2rs1s2kakrk2b � ð1� s21Þk4b þ s21ð1� s22Þk2ak4b=k2r ; ð20Þ

d ¼ 1
�

� s21ð1� s22Þ
�
k2ak

2
b : ð21Þ

Since, Eq. (18) is a polynomial with even order terms, pairs of root have to exist, which are opposite in sign.

Further, each of these pairs must be distinct and they represent axial, flexural and shear modes, respec-
tively. The inference that can be drawn from above properties is that the axial mode must have strictly real

wave numbers. The other modes may have complex wave numbers depending on the material configura-

tion. Therefore, we first compute the real roots �
ffiffiffi
a

p
corresponding to the forward and backward prop-

agating axial modes (j ¼ 1; 2), numerically. Next, the other modes (j ¼ 3; . . . ; 6) are obtained explicitly.

These can be written as

k1; k2 ¼ �
ffiffiffi
a

p
; ð22Þ

k3; k4 ¼ �

24� bþ aa
2a

� �
þ bþ aa

2a

� �2
(

� aðbþ aaÞ
a

)1=2
351=2

; ð23Þ

k3; k4 ¼ 


24� bþ aa
2a

� �
� bþ aa

2a

� �2
(

� aðbþ aaÞ
a

)1=2
351=2

: ð24Þ

Although there are more general methods for computation of general complex roots such as M€uuller�s
method (M€uuller, 1956) and Jenkins-Traub method (Jenkins and Traub, 1972), we shall stick to the above

scheme. The reason is that the reordering of roots to track individual modes over a broad band of fre-

quency (consisting of typically 8192 to 16384 sampling FFT points) will not be required in this procedure

and it saves significant amount of computation time especially when different material properties are as-

signed to different elements.

3. Spectral element formulation

Here two different elements are formulated, one that is finite in length having two nodes and second is

the one-noded throw-off element, whose second node is assumed to be at infinity. The element has 3 degrees
of freedom per node as shown in Fig. 2(a).
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3.1. Finite length element

In what follows, the bold face capital letters denote matrices and the bold face small letters denote

vectors. In the following derivation, first order shear deformable multi-material beam having three degrees

of freedom per node (axial, transverse and rotational) is considered. Spectral element formulation begins

with the solution of the governing equation in the frequency domain and determining the wave number

associated with the motions. Using the solution of the governing equation as interpolation functions, an

exact dynamic stiffness matrix is formed at each discrete frequency and the global assemblage is carried out
in identical manner as in standard the FE method. The element nodal vectors of displacements, strains,

stresses, forces etc. are dealt in terms of their respective spectral amplitudes. After computing the wave

numbers at a particular frequency xn, the explicit form of the generic displacement vector can be rewritten

from Eq. (13) as

uðx;xnÞ ¼
ûuðx;xnÞ
ŵwðx;xnÞ
/̂/ðx;xnÞ

8<:
9=; ¼

R11 � � � R16

R21 � � � R26

R31 � � � R36

24 35D ~uu1
..
.

~uu6

8><>:
9>=>;; ð25Þ

where D is a diagonal matrix with exponential entries, and can be expressed as

Djj ¼ e�ikjx; j ¼ 1; 3
e�ikjðL�xÞ; j ¼ 4; 6

� �
: ð26Þ

Here, L is the length of the element. Entries associated with j ¼ 1, 3, 5 and j ¼ 2, 4, 6 contribute to forward

and backward propagating or evanescent components, respectively. This classification is to keep track of
the individual wave modes as the computation proceeds from xn to xnþ1. In Eq. (25), R denotes the am-

plitude ratio matrix, which can be derived by satisfying Eq. (13) and is expressed as

R1j ¼ 1; 8 j 2 ½1; 2�; R2j ¼ 1; R3j ¼
iðk2r � k2j Þ

kj
8 j 2 ½3; 6�; ð27Þ

R1j ¼
i k2j � k2r
� 	

s1s2k2a=kr � rkak2j =k
2
b

� 	
kj k2j � k2a
� � 8 j 2 ½3; 6�; ð28Þ

X

Y

Z

u  ,  N 1 1

w  ,  V w  ,  V

u  ,  N

1 1 2 2

2         2

φ M11 φ M22

L

b ,  E (z) ,  G (z) ,  α z ) ,      (z)ρ

Material 1
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F G M

B 

2.0 m

  A 

(a) (b)

Fig. 2. (a) Coordinate system and degrees of freedom for the spectral element and (b) beam geometry for modulated pulse load.

2428 A. Chakraborty, S. Gopalakrishnan / International Journal of Solids and Structures 40 (2003) 2421–2448



R2j ¼
ikj rk2r k

2
j =kak

2
b � s1s2kr

� 	
k2j � k2r
� �

1� s21 þ k2r k
2
j =k

4
b

� � 8 j 2 ½1; 2�; ð29Þ

R3j ¼
k2j � k2r
� 	

rk2r k
2
j =kak

2
b � s1s2kr

� 	
k2j � k2r
� �

1� s21 þ k2r k
2
j =k

4
b

� � 8 j 2 ½1; 2�: ð30Þ

Now, to form the element shape function matrix Nðx;xnÞe, we consider Eq. (25) and eliminate the unknown

wave coefficient vector ~uu by using the nodal displacement vector ûue as follows

ûuðx;xnÞ ¼ RD~uu ¼ T1ðx;xnÞ~uu; ð31Þ

ûue ¼ T1ð0;xnÞ
T1ðL;xnÞ

�  
~uu ¼ T2~uu; ð32Þ

ûuðx;xnÞ ¼ T1ðx;xnÞT�1
2 ûu

e ¼ Nðx;xnÞeûue: ð33Þ

In Eq. (32), the non-singular (6� 6) complex matrix T2 represents the local wave characteristics of the

displacement field. Next, the generic force vector is obtained from the force boundary conditions (Eqs. (9)

and (10)) as

f̂fðx;xnÞ ¼ Q0ûuðx;xnÞ þQ1

o

ox
ûuðx;xnÞ ð34Þ

and is evaluated at x ¼ 0 and x ¼ L with the help of Eq. (31), which yields the element nodal force vector as

f̂fe ¼ �ðQ0RDþQ1RD
0Þx¼0

ðQ0RDþQ1RD
0Þx¼L

�  
T�1
2 ûu

e ¼ bKKeûue; ð35Þ

where bKKe is the (6� 6) exact complex spectral finite element dynamic stiffness matrix. Q0 and Q1 are both

(3� 3) real matrices whose entries are the functions of stiffness coefficients A11, A55, B11 and D11. D
0 is a

(6� 6) diagonal matrix obtained as

D0
jj ¼

o

ox
Djj; j ¼ 1; . . . ; 6: ð36Þ

3.2. Semi-infinite or throw-off element

The displacement field given by Eq. (25) has coefficients of both incident and reflected waves. The throw-

off element is formulated by leaving out the reflected coefficients in the displacement formulation, which

leads to an one-noded spectral element. This particular aspect is helpful when one needs to filter out any

noise from near-field response for accurate estimation. In SEM, such analytic features of a single node

semi-infinite spectral element is incorporated by modifying the amplitude ratio matrix as

R ¼
R11 0 R13 0 R15 0

R21 0 R23 0 R25 0

R31 0 R33 0 R35 0

24 35: ð37Þ

Use of this throw-off element in a structural boundary amounts relieving the trapped energy from the

structure and hence as a result maximum damping can be artificially introduced in the structure.
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3.3. Computational scheme

The SEM presented in this paper provides a key methodology to make wave propagation analysis

suitable to incorporate within the framework of standard FE method. Since, the element dynamic stiffness
matrix is derived by satisfying the coupled wave equations and forced boundary conditions exactly, one

element is sufficient to model a uniform beam segment. This makes the global system which is many orders

smaller compared to the time domain FE model for transient dynamic and wave propagation analysis. Any

applied load history is represented as

fðx; tÞ ¼
XN
n

f̂fðx;xnÞeixnt: ð38Þ

Loading spectrum (̂ff for each xn in Eq. (38)) is obtained from the time dependent load history using

forward FFT. The global system is first solved for unit impulse and hence the frequency response function

(system transfer function) is determined directly. After solving, the actual spectral amplitudes of loading are

convolved with the obtained frequency response. Similar to the time domain FE model, post-processing is
then carried out before obtaining the time history by inverse FFT.

3.4. Treatment of distributed load

The original governing equations are non-homogeneous in nature and so far only the homogeneous part
was considered for spectral element formulation. The non-homogeneous part occurs either in the form of

distributed mechanical loading or temperature loading (which appears in the governing equations for

spatially varying temperature). Hence, for complete solution of the problem, we need the particular so-

lution of the governing equation (Eqs. (6)–(8)). There are two methods to get the particular solution. The

first one is based on the direct solution to the particular integral and it involves symbolic computation. The

second is the Ritz method based on stationarity principle in the frequency domain and this method is better

suited for FE implementation. Only the second method is discussed here and implemented in SE code.

3.4.1. Variational principle in frequency domain

The product of spectral amplitudes of the conjugate quantities (stresses, strains and displacements) is

represented as an energy equivalent measure in the frequency domain. Such a frequency domain energy

functional in the context of virtual work principle is discussed in the work of Gopalakrishnan and Doyle

(1994) and is not the same as the frequency domain counterpart (in terms of the convolution integral) of the
time domain energy. Here, we define the frequency domain strain energy, kinetic energy and external work

respectively as

bUUS ¼
Z

X
r̂rt �̂�dX; bUUI ¼ �

Z
X

x2
nqûu

tûudX; bVV ¼ �
Z

C
p̂ptûudC � f̂f tûu; ð39Þ

where r̂r, �̂�, ûu and p̂p are the stress, strain, displacement and the distributed loading in frequency domain. X
and C are the domain and boundary of the system. At each sampling frequency xn, the continuous system
reduces to a stationary system in Eq. (39). The principle of virtual work in the frequency domain states that

dð bUUS þ bUUI þ bVV Þ ¼ 0: ð40Þ

Following the same procedure as in the standard FE formulation, the shape function to interpolate the field
variables are assumed and taken in the form given in Eq. (33), which yields the equilibrium equation in

terms of nodal variables in the frequency domain as
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bKKûu ¼ f̂f þ
Z

C
Ntp̂pdC; where bKK ¼

Z
X
BtQBdX �

Z
X

x2
nqN

tNdX: ð41Þ

Upon choosing ûuðx;xnÞ as the Ritz function the essential boundary conditions are automatically satisfied.

In addition, since ûuðx;xnÞ is derived by satisfying the governing homogeneous wave equations exactly, it

can be shown that dynamic stiffness matrix obtained in Eq. (41) is identical to the spectral element stiffness

matrix obtained in Eq. (35). Here, B is the complex spectral element strain displacement matrix. The in-

tegral term in left equation of Eq. (41) represents the consistent nodal force vector due to distributed load p̂p.

3.4.2. Load vector due to temperature

For the spectral analysis, the temperature DT ðx; tÞ is transformed into frequency domain through a

Fourier transformation given by

DT ðx; tÞ ¼
XN
1

DbTT ðx;xnÞe�ixnt; ð42Þ

where the DbTT ðxÞ is spatially varying. The consistent nodal force vector can be obtained from Eq. (41), by

replacing p̂p with DbTT ðx;xnÞ. Hence, the consistent load vector arising from variational formulation is given

by

f̂fe1 ¼
Z L

0

Nðx;xnÞt
�AT11DbTT ;x

0

BT11DbTT ;x

8<:
9=;dx: ð43Þ

For all the cases of temperature variation, (constant or spatially varying temperature rise), from boundary

conditions (Eqs. (9) and (10)), the element load vector is obtained as

f̂fe2 ¼ AT11DbTT ð0Þ 0
n

� BT11DbTT ð0Þ � AT11DbTT ðLÞ 0 BT11DbTT ðLÞot: ð44Þ

In all numerical cases considered here for temperature load, only spatially constant temperature rise is

analysed and for this simplified case, the element load vector becomes

f̂fe� ¼ DbTT�fAT11 0 � BT11 � AT11 0 BT11gt; ð45Þ

where DbTT�ðxnÞ is the spatially rise in temperature.

4. Results and discussions

In all the numerical experiments performed in this work, a beam of unit width and 0.05 m depth is taken.

Unless specified otherwise, a three layer beam is considered in the study. The top layer is that of steel of
thickness 0.01 m and the bottom layer is alumina of 0.031 m. In between, there is an FGM layer of 0.009 m

thickness, which blends all the mechanical and thermal properties of alumina and steel smoothly according

to the power law (Eq. (5)) with exponent n ¼ 1:5. Properties of steel are assumed as E ¼ 210 GPa, G ¼ 80

GPa, q ¼ 7800 kg/m3, a ¼ 14:0� 10�6 �C�1 and that of alumina are E ¼ 390 GPa, G ¼ 137 GPa, q ¼ 3950

kg/m3, a ¼ 6:9� 10�6 �C�1, where E, G, q and a are Young�s modulus, Shear modulus, density and co-

efficient of thermal expansion, respectively.

The spectrum and dispersion relation for these material properties are computed by the methods dis-

cussed earlier and plotted. In Fig. 3, dispersion of wave numbers corresponding to axial, flexure and shear
modes are shown. From this figure, we can say that the axial speed is higher than the bending speed but

lower than the shear speed because it has a slope that is in between two and the group speed (Cg) is the
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inverse of this slope (Cg ¼ Refdxn=dkjg). To see how the wave packets travel at different frequencies, group

speeds in axial, flexural and shear modes are plotted in Fig. 4. From these two plots it can be observed that

there exists a cut-off frequency for shear mode

xcut-off ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

A55

I2ð1� s22Þ

s
ð46Þ

above which the shear mode starts propagating which is otherwise an evanescent component contributing

to the flexural wave. Eq. (46) is obtained by putting kj ¼ 0 in Eq. (18) and solving for xn. In general, it can

be said that at higher frequencies, all the group speeds become more or less constant.

Cut-off frequency is one parameter that determines the need for higher order beam theory. In elementary

beams, the cut-off frequency is at infinity i.e. shear mode appears as evanescent mode which never prop-

agates. If the frequency of interest is within the occurrence of the cut-off frequency, then the elementary
beam theory is sufficient to predict the response. In this study, we have used FSDT, where the shear mode,

which is evanescent to start with, begins to propagate beyond cut-off frequency. The cut-off frequency given

by Eq. (46) is a function of the exponent n (Eq. (5)) and the thickness of FGM layer (hfgm). Hence, it would

be interesting to see the shifting of cut-off frequency with the change in the value of n and the thickness of

FGM layer. Fig. 5 shows the variation of cut-off frequency with b ¼ hfgm=h, for different values of n. Here, h
is the total depth of the beam. From Fig. 5, it can be seen that, for n ¼ 1, there is a small decrease in the cut-

off frequency with increase in value of b. When n ¼ 1:2, the cut-off frequency does not show any depen-

dence over b. For all values of n greater than 1.2, cut-off frequency increases with increase in the value of b.
Hence, it can be concluded that the introduction of FGM layer shifts the cut-off frequency to a higher value
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and from the Fig. 5, it can be seen that this shift is maximum (15%) when the beam is a full FGM beam

(b ¼ 1).

Next, three different problems are designed to bring out the essential features of wave propagation in

FGM beam. In the first example, the axial and flexural wave propagation due to an impact load in a

cantilever beam is studied. The aim of this example is to not only validate the element with conventional FE

solution, but also study the dynamic stress smoothening effect in FGM beam due to material mismatch at

the interface. In the next example, the behavior of FGM beam to transient temperature loading is studied.
Here, two different temperature load history is considered, one having very high frequency content and the

other having moderate frequency content. The final example considered here will demonstrate the presence

of axial-bending-shear coupling in the FGM beam.

4.1. Impact on a cantilever FGM beam: verification with conventional FE solution

First, the validity of the analysis using the formulated element is established by comparing the obtained

wave propagation results with both 2D and 1D FE solutions (Chakraborty et al., 2002). For this purpose, a

cantilever beam of 1.0 m length with material and cross-section as specified earlier is taken and a load as

shown in Fig. 6 is applied at the free end, first axially and then transversely. To model the FGM beam for

2D FE analysis, a mesh of 10,000 plane stress constant strain triangular elements is used where the

depthwise property variation is modeled with five layers of elements and each layer having constant ma-
terial properties. The top and the bottom layers are allocated to steel and alumina while the middle three

layers are modeled as FGM material, with material properties distributed according to power law (n ¼ 1:5)
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and SBS method (Vp1 ¼ 0:001), as stated before. This approach is taken for modeling the FGM layers in the
absence of a genuine 2D FGM finite element. Hence, it is expected that such a model will introduce ap-

proximations (both in amplitude and period) in the overall wave responses, due to approximate nature of

mass distribution. These approximations can be overcome by taking a very fine mesh in the FGM layer. In

the present study, total system size for 2D analysis is 19; 988� 15 (where 15 is half-bandwidth). For 1D FE

analysis, 1000 elements are considered which gives a system size of 2997� 6 where 6 is half-bandwidth.

Compared to such large system sizes, only one spectral element is sufficient in SEA and the system size is

only 3� 3. This significantly reduces the computational effort by many orders, which is quite unlikely for

both 1D and 2D FEA. In SEM, the number of FFT points considered are 16,384 at a sampling rate of 1 ls.
The cantilever beam is impacted at the tip with the load whose time and frequency domain represen-

tation is shown in Fig. 6. The figure shows that the pulse is of 50 ls duration, having a frequency content of

around 46 kHz. The response of the beam to such a high frequency short duration loading brings several

basic features of wave phenomena. As seen in Fig. 7, where the axial velocity due to the axial load is plotted

with time, the incident axial wave is initially non-dispersive and after it gets reflected from the fixed

boundary, it starts to become dispersive. This is one of the fundamental feature of the coupled wave

propagation problem. The incident response from SEA matches well with both 2D and 1D FEM analysis,

however there is mismatch of magnitude of reflected pulse with the 2D FEM results. This can be attributed
to the approximate material property variation considered in the 2D model. There is little difference among

the SEA responses predicted by the power law and SBS method at the reflection from boundary.

Fig. 8 gives the transverse velocity history of the FGM cantilever beam due to transverse load. Unlike

the axial wave, the response is dispersive throughout. As in the previous case, 1D formulation matches well

with SEA solution. However, 2D FE solution only predicts the incident flexural wave accurately. Ap-
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proximate property distribution in the 2D FE modeling is causing the flexural wave to travel faster and as

a result, the reflection arrives earlier than the 1D FE or Spectral Element solution and phase error occurs.

4.2. Stress smoothing effect in a FGM beam

As demonstrated in the previous section, the formulated spectral element has excellent capability to
analyse wave propagation behavior in FG beam. One of the fundamental reason of using FGM in

structures is to smoothen the stress jumps that normally occurs at the bi-material interface. This example

will demonstrate as to how the stress smoothening can be accomplished using either a full FGM layer

across the depth or a small FGM layer in the middle of the two parent material.

Same cantilever beam used in the previous study, is again considered here and the same pulse load (Fig.

6) is applied again at the tip axially. Stresses are measured at the middle of FGM layer (z ¼ 0:0 m) and the

alumina layer (z ¼ �0:02 m) at the tip of the beam. Fig. 9 shows the variation of axial stress due to the axial

load. The figure shows that the stress in FGM layer is almost four times larger initially and gradually this
stress is alleviated through a smooth transfer to the alumina layer as seen in the first reflection (at 350 ls).
Shear stress remains same for all the materials for all the times as can be seen in Fig. 10. Fig. 11 shows the

axial stress history due to transverse load. From the figure, it is clear that the FGM layer experiences

stresses which is mostly of opposite sign to that of the alumina layer. Even here, the FGM bears larger

stress than alumina layer. The shear stress history due to transverse load is plotted in Fig. 12, where, as

before, there is very little difference in magnitude between the stresses in the FGM and the alumina layer.
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Hence, it can be inferred that a small FGM layer can indeed reduce the large stress jump by gradually and

smoothly transversing the stresses at the bi-material interface.

Next the depthwise stress variation is studied more closely. The same cantilever beam, subjected to
axial impact is again considered here and the axial stress history at five different points are plotted in

Fig. 13. The points are taken at z ¼ 0:0145, 0.0045, )0.0045, )0.02 and )0.0355, where z ¼ 0 denotes

middle of FGM layer. From the geometry of the cross-section and thickness of each layer, the points

considered correspond to the topmost layer, the interface of FGM and steel, interface of FGM and

alumina, middle of alumina layer and the bottommost layer respectively. From the plot, it can be seen

that the incident stress is maximum in the extreme fibres and at the bottom fibre, they are compressive

in nature as expected. The reflected stress wave in all the cases are compressive and the smooth transfer

of stress from steel to alumina causes maximum reflected response in the bottom alumina layer. To
observe the smooth variation of stresses in FGM beam, the same cantilever beam with full FGM

material is taken and impacted axially at the tip as before. The axial stress history at five different points

(distributed equally along the depth, where z ¼ 0:025 and z ¼ �0:025 correspond to top and bottom

layer respectively) are plotted in Fig. 14. Comparing with Fig. 13, it can be seen that, for full FGM

beam, incident axial stress variation between layers are less compared to Fe–FGM–alumina beam and

they are symmetric about the middle plane (z ¼ 0) and no part of it is in compression until the reflection

from the boundary arrives. The plot also shows that the magnitude of the reflected pulse decreases

across the depth with the increase in distance from the middle plane. Variation of the axial stress with
depth at times corresponding to the occurrences of incident and reflected waves is plotted in Figs. 15
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and 16, respectively. The filled circles in these figures denotes FGM–steel and FGM–alumina interface.
The stresses are sampled typically at those points where stress reaches its maximum values i.e. between

75 and 170 ls and 340 and 390 ls (which correspond to incident wave and reflection coming from the

fixed end). The smoothening activities of FGM can be clearly seen from these two figures. In the ab-

sence of FGM material in between, the stress pattern will be that obtained by extending the stress lines

above and below z ¼ 0 in the direction of arrows upto the point z ¼ 0 with same gradient, as shown in

the figure. From Fig. 15, at time t ¼ 130 ls, it can be seen that the FGM smoothens the axial stress of

about 8 N/m2, which is around 25% of the maximum stress involved and at 110 ls, FGM smoothens

around 15 N/m2, which is 50% of the maximum stress. Similarly, when the reflection arrives at the tip,
Fig. 16 suggests that the absence of FGM will cause a stress jump of around 17 N/m2 at time t ¼ 360

ls. Fig. 17 shows the depthwise variation of stress for full FGM beam, for all times. The figure clearly

shows the smooth transition of the axial stress across the depth. Thus, this example ascertains that the

FGM effectively alleviates stress jump in dynamic loading cases.

4.2.1. Variation of the maximum stress gradient with FGM content and material law

The previous example has shown the stress smoothening property of the FGM across the depth. From

Eq. (3), it is clear that the stress variation is a function of both the power exponent n (in Eq. (5)) as well

as the depth of the FGM layer h. Here, the effect of the stress gradient S ¼ or=oz is plotted against

b ¼ hfgm=h, which is shown in Fig. 18. From the figure, it is seen that for all values of n, the stress gradient
S is high for small thickness of FGM layer (infinity for hfgm ¼ 0), which is expected. This gradient reduces

for increase in the value of n and the thickening of FGM layer. Fig. 19 shows the variation of oS=on for
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different values of n and FGM layer thickness. The figure shows negligible change in the values of oS=on
with increase in n and b. Hence, it can be concluded that the stress gradient is invariant to the exponent n.

4.3. Wave propagation due to highly transient temperature burst

Present spectral element can effectively handle thermal loading without taking temperature as nodal

degrees of freedom. Since, it is the wave propagation phenomena that is of present interest in this paper,

temperature loading is also taken as a short duration pulse having very high to moderate frequency

content. For simplicity, it is assumed that DbTT ðx;xnÞ is spatially constant and this means that the load

vector is as given by Eq. (45) for constant temperature rise DT�. Two different kind of temperature

histories are considered here, one having moderate frequency content and the second one having high

frequency content. The first one is ramp loading as shown in Fig. 20 and the second one is pulse loading

as shown in Fig. 6.
The same cantilever beam with geometry and material property as taken earlier is considered here. The

temperature of the beam is raised by 1 milli centigrade (DbTT �) and the velocity response of the beam is

observed. Since, loading due to temperature is mainly axial in nature (in the present problem AT11=BT11 �
1000), for the two load cases only axial responses are measured.

The ramp loading, as shown in Fig. 20, has moderate frequency content of 10 kHz as compared to the

pulse loading. Such a load occurs in the real world situations, wherein the materials Steel and alumina are

thermally fused with such a temperature profile. The load is applied to the beam with a constant tem-

perature rise (1 milli degree centigrade) throughout the beam. The axial response of the beam at tip is
plotted in Fig. 21. It can be observed that the initial response are small and response starts to pick up after

–40 –30 –20 –10 0 10 20 30
0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0.05

Axial Stress (N/m2)

z 
(m

)

Fig. 17. Axial stress pattern at tip due to axial load for full FGM beam.

2442 A. Chakraborty, S. Gopalakrishnan / International Journal of Solids and Structures 40 (2003) 2421–2448



0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
2

3

4

5

6

7

8

9

10

11

β = h
fgm

/h

st
re

ss
 g

ra
di

en
t, 

S
 (

N
/m

3 )
n=1
n=2
n=3
n=4
n=5

Fig. 18. Variation of maximum stress gradient (S) with b for different values of n.

1

2

3

4

5

6 0
0.2

0.4
0.6

0.8
1

–3

–2

–1

0

1

2

3

β = hfgm/h

n

∂S
/∂

n 

Fig. 19. Variation of oS=on with n and b.

A. Chakraborty, S. Gopalakrishnan / International Journal of Solids and Structures 40 (2003) 2421–2448 2443



the temperature reaches the constant value of 1 milli �C. The end of the load marks a release in temperature
and this set forths an impulse loading whose instantaneous response is observed at 1000 ls and the

waveform continue to propagate.

Next, the pulse load is applied and the response of the beam is plotted in Fig. 22. Like in the mechanical

loading case, the waves are initially non-dispersive and tend to become dispersive after first reflection

occurs. The wavy nature and shootoff at selected points can be attributed to the small transverse load

component that is present due to bending axial coupling. The response is compared with 1D FEA solution

and as seen, they agree quite well.

4.4. Response to modulated pulse

One of the fundamental difference in wave behavior between the all Steel or alumina beam with the

FGM beam is the presence of the axial-bending coupling. If the beam is thick, then an additional pro-
pagating shear wave is created, hence giving a three way axial-bending-shear coupling. The aim of this

example is to demonstrate this effect in the FGM beam. In general, for an isotropic beam, the axial loading

do not induce a bending mode (and vice-versa), as there is no axial-flexural coupling. In the present case,

presence of FGM layer introduces an axial-flexural coupling and this is reflected in the non-zero r and s2
(Eq. (17)). The impulse kind of loading (Fig. 6), which was applied earlier contains a band of frequency

highly unsuitable for mediums which are highly dispersive, to capture all the different modes. The wave in

FGM beam is also highly dispersive and hence such a impulsive load is not suitable for capturing prop-

agating modes. Hence, if the contributions of each modes (axial, flexural and shear) are to be distinguished
clearly, a pulse modulated at a certain constant (high) frequency beyond the cut-off frequency (Eq. (46))
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Fig. 20. Ramp loading with time domain data inset.
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needs to be applied. To capture different propagating modes, an infinite beam is taken where the cross-

sectional and material properties are same as that for cantilever beam. It is assumed that the material

properties vary according to power law with exponent n ¼ 1:5. The spectrum relation and dispersion re-

lation for this beam geometry and material properties are given in Figs. 3 and 4 respectively. The dispersion

relation shows that the beam has cut-off frequency of 24.65 kHz. Hence, to observe propagating shear

mode the loading pulse should be modulated above this frequency. Here, a pulse modulated at 50 kHz is
taken and applied at a point A (see Fig. 2(b)) in the infinite beam, first axially and then transversally. At a

distance of 2 m from the impact site (point B), the axial and transverse velocity response is measured for

both the loading. Infinite portion of the beam is realized by using throw-off element on both side of a finite

length element. Hence, the total number of elements used in this case is three (two throw-off and one finite

length). The velocity response obtained is plotted in Fig. 23. From the dispersion relation (Fig. 4), group

speeds of different propagating modes can be found and using these the occurrences of different modes can

be computed. In Fig. 23, star mark in time axis denotes time of appearance of modes predicted by the

dispersion relation. It is evident from the dispersion relation that, first mode will be shear, the next axial and
last comes the bending wave. Axial and transverse velocity history due to axial load is shown in Fig. 23(a)

and (b). As seen there, shear mode propagates along with bending and axial modes, although contribution

of bending mode in axial velocity is much small compared to its contribution in transverse velocity. The

axial and transverse velocity response due to transverse load is shown in Fig. 23(c) and (d). It can be

observed that for the axial response, magnitude of all the modes are comparable, however, for the trans-

verse velocity response, the axial and shear contribution is very less compared to the bending contribution.

For all these cases, dispersion relation predicts the arrival of each mode quite accurately.
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Fig. 21. Axial velocity at tip due to ramp kind temperature rise: (––) SEM and (- - -) 1D FEM.
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Fig. 23. Response to modulated pulse.
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5. Conclusion

A novel spectral element is presented to study the wave propagation behavior in FGM beams subjected

to high frequency impact loads. The element, based on first order shear deformation theory has exact
dynamic stiffness matrix and it takes into account depthwise variation of material properties. Structures,

subjected to temperature burst kind of loading can also be analysed using this element, with great ease.

The numerical examples establish the spectrally formulated element as the most efficient tool for anal-

ysing wave propagation behavior. In many cases, a single element is sufficient to capture the wave prop-

agation phenomena. It is shown that the element can capture the propagating shear mode quite effectively.

Responses of the structure predicted by the element for different material variation models are almost

identical, as found in the axial and the transverse velocity responses of cantilever beam. The stress history

and stress pattern reveal dynamic stress transfer mechanism and stress smoothening effect of FGM. Fur-
ther, study of the variation of maximum axial stress gradient and cut-off frequency with material property

and the % FGM content reveals their qualitative dependence upon these parameters.

The next logical step is to consider the explicit coupling through the introduction of temperature as a

degree of freedom. The thermal behavior dictated by Fourier heat conduction law can be coupled to the

axial strains through the thermal constitutive law and resulting equation can be solved exactly. This will

further enhance the insight into the behavior of FGM beam.
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